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Abstract
The aim of this paper is to present a geometric characterization of even convexity in
separable Banach spaces, which is not expressed in terms of dual functionals or separation
theorems. As an application, an analytic equivalent definition for the class of evenly
quasiconvex functions is derived.
 2002 Elsevier Science (USA). All rights reserved.
1. Introduction
According to Fenchel [4], a subset of a locally convex real topological vector
space X is called evenly convex if it is an intersection of open half-spaces. As
a consequence of the Hahn–Banach theorem, every open or closed convex set is
evenly convex (note that any closed half-space is an intersection of open half-
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spaces). Evenly convex sets are precisely those convex sets having the property
that for every outside point, there exists a closed hyperplane containing the
point and not meeting the set. This interesting property shows the importance
of evenly convex sets, and has already appeared in several places in the literature
(see [6, Proposition 2], or [7], for example). In finite dimensions, evenly convex
sets have been recently studied by Rodríguez [14]; as observed there, they are
precisely the solution sets of general linear inequality systems (that is, those
linear inequality systems in which both strict and nonstrict inequalities may
occur). That work contains several interesting characterizations of evenly convex
sets, but all of them are in terms of hyperplanes or of exposed faces, so that
they are of a separational character. A natural question arises: Is it possible to
formulate necessary and sufficient conditions of a geometric nature on a (convex)
set ensuring the aforementioned separability from any outside point? Of course,
this question is equivalent to asking for a nonseparational characterization of
evenly convex sets.
Notice that the same question with strong separation has an easy answer:
A necessary and sufficient condition for a set to be strongly separated from any
outside point by a closed hyperplane is it to be convex and closed. However, the
case of evenly convex sets seems to be more complicated: in [4] a nonseparational
characterization is given, but only for subsets of a finite-dimensional Euclidean
space. In Section 2, we shall extend this characterization to the class of separable
Banach spaces. We shall also present an example showing that the same
characterization is not valid in more general spaces.
Section 3 is devoted to the study of evenly quasiconvex functions [11] (called
normal quasiconvex functions in [8]), that is, extended real-valued functions
f :X → R ∪ {−∞,+∞} whose level sets are evenly convex. Obviously, every
lower semicontinuous quasiconvex function is evenly quasiconvex. It is well
known and easy to prove that all upper semicontinuous quasiconvex functions
are evenly quasiconvex, too. Evenly quasiconvex functions are important in du-
ality theory. In fact, as lower semicontinuous proper convex functions constitute
the regular subclass of convex functions under Fenchel conjugation, it was early
recognized that evenly quasiconvex functions are the regular functions in all usual
quasiconvex conjugation schemes (see [8,9,11,13], for example). In mathemati-
cal economics, evenly quasiconvex functions also play a role. More specifically,
the indirect utility functions arising in consumer theory are characterized as the
nonincreasing evenly quasiconvex functions that satisfy an additional minor regu-
larity condition [10]. But despite the importance of evenly quasiconvex functions,
no analytical characterization is known so far. In other words, the only available
method for checking the even quasiconvexity of a function that is neither lower
nor upper semicontinuous is looking whether each of its level sets enjoys the sep-
aration property that characterizes evenly convex sets. In this paper we give such
an analytic characterization of evenly quasiconvex functions in separable Banach
spaces, which follows from our geometric characterization of evenly convex sets.
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Throughout the rest of this paper, X denotes a Banach space, with topological
dual X∗. By 〈p,x〉 we denote the dual coupling for any x ∈ X and p ∈ X∗.
A nonempty subset P of X is called a cone, provided λP ⊂ P, for all λ  0.
A cone P is convex if and only if P +P ⊂ P . If P is a convex cone, then the set
	(P ) := P ∩ (−P) is the largest linear subspace of X contained in P (see [5]).
The convex cone P is said to be pointed, provided 	(P )= {0}. Given a nonempty
convex subset K of X and a point x0 in cl(K), the (Bouligand) tangent cone of
K at x0 is the closed convex cone
TK(x0) :=
⋃
λ>0
λ(K − {x0}).
Recall that TK(x0) is convex whenever K is. Finally, let co(S) denote the convex
hull of a subset S of X.
2. Evenly convex sets
Let X be a Banach space and K be a nonempty convex subset of X.
Definition 1. A set K is said to be evenly convex, if for every x0 ∈X \K, there
exists q ∈X∗ such that 〈q, x − x0〉< 0, for all x ∈K.
According to this definition, a set K is evenly convex if, and only if, it can
be written as an intersection of open half spaces. This shows that intersections of
evenly convex sets are evenly convex; consequently, since the whole space X is
evenly convex (being the intersection of the empty family), the evenly convex hull
eco(S) of an arbitrary set S ⊂ X is well defined as the intersection of all evenly
convex sets containing S. An easy application of Hahn–Banach theorem shows
that any closed or open convex set is evenly convex. It is also straightforward
that every convex subset of R is evenly convex. However, this is not the case if
dimX  2, as is easily seen by considering the union of an open half-space with
one of its boundary points. One can also observe that K is evenly convex if, and
only if, for every x0 ∈ cl(K) \ K the set K ∪ {x0} is convex and has x0 as an
exposed point.
The following proposition will be needed in the sequel.
Proposition 2. Let P be a closed convex cone in a separable Banach space X.
Then there exists p ∈ X∗ such that 〈p,x〉 > 0 for every x ∈ P \ 	(P ) and
〈p,x〉 = 0 for every x ∈ 	(P ).
Proof. Clearly, 	(P ) := P ∩ (−P) is a closed linear subspace of X. Let us
consider the quotient space Z =Xupslope	(P ) and the canonical projection π :X→ Z
(that is, π(x) = x + 	(P ), for every x in X). Then π(P ) is a closed convex
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pointed cone of Z. Indeed, one can easily check that π(P ) is a convex pointed
cone, while its closeness follows from the closeness of P in X and the definition
of the quotient topology, since π−1(π(P ))= P + 	(P )= P .
Let us further consider the w∗-closed set
π(P )∗ := {z∗ ∈Z∗: 〈z∗, x〉 0, for all x ∈ π(P )}. (1)
Since Z is a separable Banach space, using [1, Theorem 2.19] we conclude that
the set w∗-qri [π(P )∗] of the w∗-quasi-relative interior points of π(P )∗ (see
[1, Definition 2.3]) is nonempty. If z¯∗ ∈ Z∗ is any such point, then we have
〈z¯∗, z〉 > 0, for all z ∈ π(P ) \ {0}. Indeed, if for some z¯ ∈ π(P ) \ {0} we had
〈z¯∗, z¯〉 = 0, then using (1) we would obtain 〈z¯∗ − z∗, z¯〉  0 for all z∗ ∈ π(P )∗,
which contradicts [1, Proposition 2.16].
Let now p = π∗(z¯∗), where π∗ :Z∗ → X∗ is the adjoint operator of π . It
follows easily that 〈p,x〉 > 0 for every x ∈ P \ 	(P ) and 〈p,x〉 = 0 for every
x ∈ 	(P ). ✷
The main result in this section is based on the following proposition:
Proposition 3. Let K be a convex subset of a Banach space X and let x0 ∈
cl(K) \K . We consider the following assertions:
(i) x0 /∈ eco(K).
(ii) ∃q ∈X∗: 〈q, x − x0〉< 0, for all x in K.
(iii) [x0 + 	(TK(x0))] ∩K = ∅.
Then (i)⇔ (ii)⇒ (iii). Moreover, if X is separable, then all three assertions are
equivalent.
Proof. The equivalence (i) ⇔ (ii) follows directly from Definition 1 and the
observation that eco(K) is the intersection of all open half-spaces that contain
the set K.
Let us prove (ii)⇒ (iii). Assertion (ii) implies 〈q, x − x0〉  0, for all x ∈
TK(x0). If (iii) does not hold, then for some x ∈ K we would have x − x0 ∈
TK(x0)∩ (−TK(x0)), that is, 〈q, x − x0〉 = 0, which is a contradiction.
Finally, let us assume that (iii) holds, and that X is a separable Banach space.
Then let us set P = TK(x0). It follows that P is a closed convex cone. Hence,
there exists q ∈X∗ such that 〈q, x〉< 0 for every x ∈ P \ 	(P ) and 〈q, x〉 = 0 for
every x ∈ 	(P ) (take q =−p in Proposition 2). Let now x ∈K . Since x−x0 ∈ P ,
we get 〈q, x−x0〉 0. In fact, this inequality must be strict. Indeed, let us assume
that 〈q, x− x0〉 = 0. Then x− x0 ∈ 	(P ), that is, x ∈ x0 + 	(P ), which obviously
contradicts (iii). Consequently 〈q, x − x0〉 < 0, for all x in K, that is, (ii) (or
equivalently (i)) holds. ✷
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Remark. The equivalence between (ii) and (iii) had essentially been given also
in [4] for the case of finite-dimensional spaces. Proposition 2 plays here a crucial
role for the extension to separable Banach spaces.
Using the above proposition, we obtain the following formula for the evenly
convex hull of a set.
Corollary 4. Let K be any subset of a separable Banach space X. Then
eco(K)= {x ∈ cl(co(K)): [x + 	(Tco(K)(x))]∩ co(K) = ∅}.
Proof. Set K1 = {x ∈ cl(co(K)): [x + 	(Tco(K)(x))] ∩ co(K) = ∅} and note that
co(K) ⊂ K1. Let now x ∈ eco(K) \ co(K). Then obviously x ∈ cl(co(K)) \
co(K); hence by Proposition 3(iii)⇒ (i) we get [x+ 	(Tco(K)(x))] ∩ co(K) = ∅.
Consequently, x ∈K1; hence eco(K)⊂K1.
Let now x ∈ K1. Again, if x ∈ co(K), then obviously x ∈ eco(K). If x /∈
co(K), then Proposition 3(i)⇒ (iii) shows that x ∈ eco(co(K))= eco(K). ✷
We now obtain immediately the following characterization of even convexity,
which does not make explicit use of dual functionals.
Theorem 5. Let K be a convex subset of a separable Banach space X. Then the
following are equivalent:
(i) K is evenly convex.
(ii) [x0 + 	(TK(x0))] ∩K = ∅, ∀x0 ∈ cl(K) \K .
Proof. Since K is convex, we have K = co(K). Hence, by Corollary 4, K is
evenly convex if, and only if, K = {x ∈ cl(K): [x+ 	(TK(x))]∩K = ∅}. But this
condition is obviously equivalent to (ii). ✷
Remark. (1) Condition (ii) states that if a point x0 ∈ cl(K) does not belong to
K , then every line of its tangent cone that passes through 0 does not intersect
K − {x0}. Note that this is trivially satisfied if TK(x0) is pointed.
(2) Implication (i)⇒ (ii) in Theorem 5 is valid in arbitrary Banach spaces.
On the other hand, separability assumption is crucial for (ii)⇒ (i) as shows the
following example:
Example. Let I be any uncountable set and consider the nonseparable Hilbert
space
X = 	2(I) :=
{
x = (xi)i ∈RI : sup
F ⊂
finite
I
∑
k∈F
|xik |2 <+∞
}
, (2)
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that is, the space of all square summable functions x : I →R. Then, for the convex
set K = 	2(I)+ \ {0} it is easily seen that cl(K) \K = {0} and TK(0)= 	2(I)+.
Since the latter is a (closed convex) pointed cone, condition (ii) is satisfied.
However, there is no functional q = (qi) ∈ X∗ = 	2(I) such that 〈q, x〉 < 0 for
every x ∈K . Indeed, if such a functional exists, then it should satisfy qi < 0 for
all i ∈ I , which is impossible, since (2) implies that the set {i ∈ I : qi = 0} is
countable. (See also [1, Example 3.11(iii)] for an example of the same type.)
Corollary 6. A convex set K in a separable Banach space is evenly convex if, and
only if, for every x0 ∈ cl(K) \K, {xn}n1 ⊂K, {λn}n1 ⊂ (0,+∞) and d ∈ X
such that limn→∞ λn(xn − x0)= d one has x0 − d /∈K .
Proof. Assume first that K is evenly convex. Let us note that if d is as above,
then d ∈ TK(x0). If x0 − d ∈ K , then obviously −d ∈ TK(x0), whence −d ∈
	(TK(x0)), which violates condition (ii) of Theorem 5, since x0 − d ∈ [x0 +
	(TK(x0))] ∩ K . Conversely, if K is not evenly convex then that condition is
violated; that is, there exists d ′ ∈ TK(x0) such that K∩{x0− td ′; t > 0} = ∅. Then
for some t > 0 and for d = td ′ we would have x0 − d ∈K, which contradicts the
assumption in the corollary. ✷
3. Evenly quasiconvex functions
We recall that a function f :X→R∪{−∞,+∞} is quasiconvex (respectively,
lower semicontinuous), if for every a ∈R the level set Sf (a) := {x ∈X: f (x)
a} is convex (respectively, closed). The class of lower semicontinuous quasicon-
vex functions has an important role in optimization (e.g., [2,3]) and presents good
stability properties (see [12], for example). It turns out that the larger class of
evenly quasiconvex functions (see definition below) appears naturally in the qua-
siconvex duality [8,9,11,13] and enjoys applications in economics [10].
Definition 7. A function f :X→ R ∪ {−∞,+∞} is called evenly quasiconvex,
if for every a ∈R the level set Sf (a) := {x ∈X: f (x) a} is evenly convex.
It is obvious that every lower semicontinuous quasiconvex function is evenly
quasiconvex. The class of evenly quasiconvex functions is strictly larger, since it
also contains all upper semicontinuous quasiconvex functions (that is, functions
whose strict level sets are convex and open). Considering indicator functions of
appropriate convex sets one can get examples of evenly quasiconvex functions
that are neither lower semicontinuous nor upper semicontinuous as well as
quasiconvex functions that are not evenly quasiconvex. The following example
shows that an evenly quasiconvex function might fail to have evenly convex strict
level sets.
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Example. Let f :R2 →R be defined as follows:
f (x, y)=
{0, if x  y and y  0,
y/x, if x > y > 0,
1, elsewhere.
Then f has closed convex level sets; hence, in particular it is evenly quasiconvex.
However, the strict level set S−f (1) := {(x, y) ∈ R2: x > y > 0} ∪ {(x, y) ∈
R2: x  y and y  0} is not evenly convex.
Evenly quasiconvex functions are closed under pointwise suprema, given that
the level sets of the pointwise supremum of a family of functions are intersections
of level sets of the members of the family. Therefore every function has a largest
evenly quasiconvex minorant, which is called its evenly quasiconvex hull and
denoted by feq. The following expression for feq is well known (e.g., [15,
p. 144]); we include a proof in order to make the paper self-contained.
Proposition 8. For any f :X→R∪ {−∞,+∞} and x ∈X, one has
feq(x)= inf
{
a ∈R: x ∈ eco(Sf (a))
}
. (3)
Proof. Since feq  f and the level sets of feq are evenly convex, one has
eco(Sf (a))⊂ Sfeq(a) for every a ∈R. Consequently, it follows easily that
feq(x)= inf
{
a ∈R: x ∈ Sfeq(a)
}
 inf
{
a ∈R: x ∈ eco(Sf (a))
}
.
To prove the opposite inequality, we set g(x) = inf{a ∈ R: x ∈ eco(Sf (a))}. In
view of the definition of feq it suffices to show that g is an evenly quasiconvex
minorant of f. But this easily follows from the inequality g(x)= inf{a ∈R: x ∈
eco(Sf (a))} inf{a ∈ R: x ∈ Sf (a)} = f (x) and the fact that, for every a ∈ R,
one has Sg(a)=⋂b>a eco(Sf (b)). ✷
Definition 9 [15, Definition 4.3]. A function f :X→ R ∪ {−∞,+∞} is called
evenly quasiconvex at x0 ∈X, if feq(x0)= f (x0).
Since the evenly quasiconvex hull of a function lies between its lower
semicontinuous quasiconvex hull and its quasiconvex hull, it follows that if a
quasiconvex function f is lower semicontinuous at x0 then it is also evenly
quasiconvex at x0.
The following characterization of even quasiconvexity at a point will be useful:
Proposition 10. A function f :X → R ∪ {−∞,+∞} is evenly quasiconvex at
x0 ∈X if and only if for all a < f (x0) one has x0 /∈ eco(Sf (a)).
Proof. If f is evenly quasiconvex at x0 and a < f (x0) then a < feq(x0); that is,
x0 /∈ Sfeq(a), whence, as eco(Sf (a))⊂ Sfeq(a), x0 /∈ eco(Sf (a)). Conversely, if
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x0 /∈ eco(Sf (a)) for all a < f (x0) then, by formula (3), one has feq(x0) f (x0);
since feq  f, it follows that f is evenly quasiconvex at x0. ✷
Proposition 11. Let f :X→R∪ {−∞,+∞} be any function. Then:
(i) f is evenly quasiconvex at x0 ∈ X if, and only if, for every a < f (x0) there
exists q ∈X∗ such that
〈q, x − x0〉< 0, ∀x ∈ Sf (a).
(ii) f is evenly quasiconvex if, and only if, it is evenly quasiconvex at every
x0 ∈X.
Proof. (i) It follows directly combining Proposition 10 with Proposition 3
(i) ⇔ (ii).
(ii) It is an immediate consequence of the obvious fact that f is evenly
quasiconvex if, and only if, feq = f . ✷
Based on Proposition 3 we obtain the following characterization of even
quasiconvexity in separable Banach spaces.
Proposition 12. Let X be a separable Banach space, f :X→R∪ {−∞,+∞} a
quasiconvex function and x0 ∈X. Then f is evenly quasiconvex at x0 if, and only
if, the following condition holds:
(∗) for every y0 ∈ X such that f (y0) < f (x0), every {yn}n1 ⊂ X such that
limn→+∞ yn = y0 and every {µn}n1 ⊂ (0,+∞), one has
f (x0) lim inf
n→+∞f
(
x0 +µn(x0 − yn)
)
.
Proof. Let us first assume that f is evenly quasiconvex at x0. If (∗) is not satisfied,
then there exists y0 ∈X with f (y0) < f (x0), {yn}n1 ⊂X, {µn}n1 ⊂ (0,+∞),
such that {yn}→ y0 and limn→+∞ f (x0 +µn(x0 − yn)) < f (x0). Set
β = max
{
f (y0), lim
n→+∞f
(
x0 +µn(x0 − yn)
)}
.
Let β < a < f (x0). By Proposition 11 there exists q ∈ X∗ such that 〈q, x0〉 >
〈q, x〉, for all x ∈ Sf (a). In particular, for sufficiently large n we have
〈q, x0〉 > 〈q, x0 + µn(x0 − yn)〉, yielding 〈q, yn〉 > 〈q, x0〉, and consequently
〈q, y0〉 〈q, x0〉. This contradicts the fact that y0 ∈ Sf (a).
It remains to show that condition (∗) implies that f is evenly quasiconvex
at x0. Suppose, towards a contradiction, that f is not evenly quasiconvex at x0.
Then by Proposition 10, there exists a < f (x0) such that x0 ∈ eco(Sf (a)). Then
obviously x0 ∈ cl(Sf (a)) \ (Sf (a)). Then by Proposition 3(iii)⇒ (i) we would
have [x0 + 	(TSf (a)(x0))] ∩ Sf (a) = ∅. Hence there exists y0 ∈ Sf (a) such that
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x0 − y0 ∈ TSf (a)(x0). This means that x0 − y0 = limn→+∞ λn(zn − x0), for
some {λn}n1 ⊂ (0,+∞), {zn}n1 ⊂ Sf (a). Let us define, for every n  1,
yn = x0 + λn(x0 − zn) and µn = 1/λn. Then it follows that
lim
n→+∞ yn = y0
and
lim inf
n→+∞f
(
x0 +µn(x0 − yn)
)= lim inf
n→+∞f (zn) a,
since {zn}n1 ⊂ Sf (a). This clearly contradicts (∗), since a < f (x0). This
finishes the proof. ✷
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